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THE QUANTUM DIVIDED POWER ALGEBRA OF A 
FINITE-DIMENSIONAL NICHOLS ALGEBRA OF 
DIAGONAL TYPE 

nicolAs ANDRUSKIEWITSCH, IVAn angiono, fiorela rossi bertone 


Abstract. Let Bq be a finite-dimensional Nichols algebra ol diagonal 
type corresponding to a matrix q. We consider the graded dnal £q of 
the distinguished pre-Nichols algebra Bq from | A3| and the quantum 
divided power algebra Wq, a suitable Drinfeld double of £q^kZ®. We 
provide basis and presentations by generators and relations of £q and 
Wq, and prove that they are noetherian and have finite Gelfand-Kirillov 
dimension. 


1. Introduction 

We fix an algebraically closed field k of characteristic zero. Let g be 
a finite-dimensional simple Lie algebra and 5 G k a root of 1 (with some 
restrictions depending on g). In the theory of quantum groups, there are 
several Hopf algebras attached to g and q\ 

o The Frobenius-Lusztig kernel (or small quantum group) Uq(g). 
o The g-divided power algebra ^/g(g), see [Lll[L2]. 
o The quantized enveloping algebra C/g(g), see |DK( IDKE] IDPj . 

These Hopf algebras have the following features: 

o They admit triangular decompositions, e. g. Ug(g) ~ u^(g)ig)Ug(g)(8)u~(g). 
o The 0-part of this triangular decomposition is a Hopf subalgebra, actually 
a group algebra. 

o The positive and negative parts are not Hopf subalgebras, but rather Hopf 
algebras in braided tensor categories, braided Hopf algebras for short, 
o There are morphisms u+(g) ^^'’(g)! U^{q) u+(g) of braided Hopf 

algebras, and ditto for the full Hopf algebras, 
o The full Hopf algebras can be reconstructed from the positive part by 
standard procedures (bosonization, the Drinfeld double), 
o The positive part (g) has very special properties- it is a Nichols algebra. 

Indeed, u;j'(g) is completely determined by the matrix q = (q‘^*“*-’ ), where 
(ttij) is the Cartan matrix of g and di G {1,2, 3} make (dittij) symmetric. In 
other words, u;j’(g) is the Nichols algebra of diagonal type associated to q. 
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The knowledge of the finite-dimensional Nichols algebras of diagonal type 
is crucial in the classification program of finite-dimensional Hopf algebras 
[AS| . Two remarkable results on these Nichols algebras are: 

(a) The explicit classification |H2| . 

(b) The determination of their defining relations [HIES]. 

Let q G Nichols algebra and assume that dim;Sq < oo. There 

are several reasons to consider the analogues of the braided Hopf algebras 
Uq{Q) and U^{q), for Hq, motivated by the classification of Hopf algebras 
with finite Gelfand-Kirillov dimension and by representation theory. The 
analogue Hq of (g) was introduced in |A2j and studied in [A3j under 
the name of distinguished pre-Nichols algebra. The definition of Hq is by 
discarding some of the relations in [A2| . The purpose of this paper is to 
study the analogue £q of 14^ (g); this is the graded dual of Hq and although 
it could be called the distinguished post-Nichols algebra of q, we prefer to 
name it the Lusztig algebra as in |A-|-| , where mentioned in passing. 

The paper is organized as follows. Section [2] is devoted to preliminaries 
and Section [3] to Nichols algebras of diagonal type and distinguished pre- 
Nichols algebras. In Section 0] we discuss Lusztig algebras: we provide a 
basis and a presentation by generators and relations, and prove that they 
are noetherian and have finite Gelfand-Kirillov dimension. In Section [5] we 
introduce the quantum divided power algebra Z^q, that is a suitable Drin- 
feld double of £q#kZ®; we also provide a presentation by generators and 
relations, and prove that it is noetherian and has finite Gelfand-Kirillov 
dimension. 

Remark 1.1. The quantum divided power algebras were introduced and 
studied in |GHt IHuj : they correspond to Nichols algebras of Gartan type 
Ai X • • • X Ai. 

Acknowledgement. We thank the referee for the careful reading of the 
manuscript. 


2. Preliminaries and conventions 


2.1. Conventions. If 0 G N, then we set Iq := {1, 2,..., 6}; or simply I if no 
confusion arises. If T is a group, then T is its group of characters, that is, 
one-dimensional representations. 

Let E>n and be the symmetric and braid groups in n letters, with 
standard generators Ti = {ii + 1), respectively Uj, i G In-i- Let s : —>■ 

be the (Matsumoto) section of the projection vr : Be ^ Sg, 'ir{ai) = Ti, 
i G In-i, given by s(a;) = whenever a; = Ti ^ Ti ^... Ti . G Sg has 

length j. 

We consider the q-numbers in the polynomial ring Z[q], n G N, 0 < i < n. 


n—1 


j =0 j=l 
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If g G k, then {n)q, (n)g, are the respective evaluations at q. 

We use the Heynemann-Sweedier notation for coalgebras and comodules; 
the counit of a coalgebra is denoted by e, and the antipode of a Hopf algebra, 
by <S. All Hopf algebras in this paper have bijective antipode. 

Let H be a Hopf algebra. A Yetter-Drinfeld module V over LI is a H- 
module and a LL-comodule satisfying the compatibility condition 

S{h ■ v) = /i(i)i;(_i)<S(/i( 3 )) ®/i( 2 ) • U(o), heH,v eV. 

Morphisms of Yetter-Drinfeld modules preserve the action and the coaction. 
Thus Yetter Drinfeld modules over H form a braided tensor category 
with braiding cvyv{'^ 0 tc) = • w ® Y, IT G v € V, w € W. 

The full subcategory of finite-dimensional objects is rigid. 

2.2. Braided vector spaces and Nichols algebras. A braided vector 
space is a pair (T, c) where T is a vector space and c G Aut(T (8> T) is a 
solution of the braid equation (cig)id)(id(g)c)(c0id) = (id(g)c)(c0id)(id(8)c). 

If T is a vector space, then we identify V*®V* with a subspace of (T®T)* 
by {f ® g,v ®w) = {f,w){g,v), for v,w G V, f^g G T* Q If ( Y, c) is a finite¬ 
dimensional braided vector space, then (Y*,c*) is its dual braided vector 
space, where : Y*(8)Y* — V* ®V* is {c^{f ®g)^v®w) = {f ®g,c{v®w)). 

We refer to m for the basic theory of braided Hopf algebras. If i? = 
©n>o ^ graded braided Hopf algebra with dim i?” < oo for all n, then 
its graded dual = ©„>o(-R”)* is again a graded braided Hopf algebra. 
We use the variation of the Sweedler notation A(Y) = for the 

coproducts in braided Hopf algebras. 

The Nichols algebra of a braided vector space (Y, c) is a graded braided 
Hopf algebra B{V) = ©„>oH”(Y) with very rigid properties. There are 
several alternative definitions of Nichols algebras, see [AS]. We recall now 
two of these definitions. 

Let r(Y) = ©n>oi^"'(Y) be the tensor algebra of Y; it has a braiding c 
induced from Y. Let r(Y)®r(Y) = r(Y) ^T(y) with the multiplication 
(m (g) m)(id(g)c 0 id) and let A : r(Y) —> r(Y)®T(Y) be the unique al¬ 
gebra map such that A(u) = u(g)l-|-l(8>u, for all u G Y. Then T(Y) is 
a (graded) braided Hopf algebra with respect to A. Dually, consider the 
cotensor coalgebra T^(y) which is isomorphic to T(Y) as a vector space. It 
bears a multiplication making T^{V) a braided Hopf algebra with an analo¬ 
gous property, see e. g. [Rl lAG] . There exists only one morphism of braided 
Hopf algebras 0 : T{V) —)• T^(Y) that it is the identity on Y. The image of 
0 is the Nichols algebra B{V) of Y. 

Here is the second description of B(V). Let 6 be the partially ordered 
set of homogeneous Hopf ideals of T(y) with trivial intersection with k© Y. 
Then 6 has a maximal element J{V) and B{V) = T{V)/J{V) |AS| . 

^We prefer this identification instead of {f ® g,v ® w) = {f,v)(g,w) because it gives 
the right extension to tensor categories. 
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2.3. Pre- and post-Nichols algebras. For several purposes, it is useful to 
consider braided Hopf algebras T{V)/I, for various / G ©. These are called 
pre-Nichols algebras [M]- Indeed, ^reCF) = {T{V)/I : / G 6} is a poset 
with ordering given by the surjections; so that it is isomorphic to (S, C). The 
minimal element in ipre(P) is T{V), and the maximal is B{V). Dually, the 
poset ipost(P) consists of graded Hopf subalgebras S = 0„>o *5'” of T^{V) 
such that = V, ordered by the inclusion. Now the minimal element is 
B{V) and the maximal is T^{V). We shall call them post-Nichols algebras. 

Remark 2.1. The map ^ost(H*), $(i?) = is an anti¬ 

isomorphism of posets. 

Proof. If R = T{V)/1 G ^re(H), then hence, is well-defined and 

it reverses the order. Also $ is surjective, because for a given S G *^lost(H*), 
/ = S'-*- is a graded Hopf ideal of T{V) and S = (T(H)//)'^. □ 

3. Nichols algebras of diagonal type 

A braided vector space (V, c) is of diagonal type if there exist a basis 
xi,... ,xg of H and a matrix q = (g^) G Me(k^) such that c{xi 0 Xj) = 
QijXj (8) Xi for all i,j G I = Ig. Let H = kG be a group algebra, Xi ^ G 
and gj G Z{G) such that Xjidi) = <liji LJ S I. Then (H, c) is realized in 
hy h ■ Xi = Xi{h)xi and p{xi) = gi 0 Xi for all i G I, /i G H. We will 
only consider the case when H = kZ®, gi = ai and Xj £ is given by 
Xjio^i) = Qij: hj G I- Here ai,..., ae is the canonical basis of Z®. 

Let V* G it is also a braided vector space of diagonal type, with 

matrix q. Indeed, if yi,... ,yo is the dual basis of xi,... ,xg, then 

{c\yi (g) yj),xh (g) xk) = {yi (g) yj, c{xh (g) Xk)) = qhkivi ® yj,Xk (g) Xh) 

= QhkSjkdih = qijivj <8) Vi, Xh (g> Xk). 

Since T{V) and Hq = B{V) are Hopf algebras in consider 

the bosonizations r(H)#kZ® and Hq#kZ®. We refer to [AS! §1.5] for the 
definition of the adjoint action of a Hopf algebra, respectively the braided 
adjoint adc action of a Hopf algebra in Then adcX (g) id = ad{xffl) 

if X G T{V) or Hq, see [Ml (1-21)]. 

Now the matrix q gives rise to a Z-bilinear form H ; Z® x Z® —)• k^ by 
H(aj, ak) = qjk for all j, k €l. If a, /3 G Z®, we also set 

( 1 ) qap = E{a,P). 

The algebra T{V) is Z^-graded. If x,y G T{V) are homogeneous of degrees 
a, fd G Z® respectively, then their braided commutator is 

(2) [x, y]c = xy — multiplication o c(x ®y) = xy — q^pyx. 

Note that adc(x)(y) = [x,y]c whenever x is primitive. We say that x q- 
commutes with a family {yi)i£i of homogeneous elements if [x,yi]c = 0, for 
all i (z I. Same considerations are valid in any braided graded Hopf algebra. 


QUANTUM DIVIDED POWER ALGEBRAS 


5 


Define a matrix with entries in Z U {— 00 } by = 2, 

(3) 4 := - min {n G Nq : (n + l)gy (1 - qlqijqji) = 0} , 

We assume from now on that dim;Bq < 00 . Then 4 € Z for all i,j € II 
m Section 3.2] and we may define the reflections s^ G GL{7j^)^ by s°l{aj) = 
Oij — i,j G I. Let i £ I and let Pi{V) be the braided vector space of 

diagonal type with matrix Pi{c\), where 

(4) Pii^)jk = s?(«fc)), j, kel. 

The proofs of statements (a) and (b) in the Introduction have as a crucial 
ingredient the Weyl group oid m and the generalized root system m-, 
the definitions involve the assignements q ^ Pi(q) described above. For our 
purposes, we just need to recall that 

(5) A^l" is the set of positive roots of Bq. 


3.1. Drinfeld doubles. Let (1^, c) be our fixed braided vector space of di¬ 
agonal type with matrix q, realized in as above. In this Subsection, 

the hypothesis on the dimension of the Nichols algebra is not needed. We 
describe here the Drinfeld doubles of the bosonizations T(l/)^kZ®, 
with respect to suitable bilinear forms. This construction goes back essen¬ 
tially to Drinfeld |Dr| and was adapted to different settings in various papers; 
here we follow |H3| . 


-1 


Definition 3.1. The Drinfeld double Uq of is the algebra gen¬ 

erated by elements Ei, Fi, Ki, iF, 

XY = YX, 


Li, 


K,K-^ = LiL-^ = 1 , 
Ei Ej — qij Ej Ei , 
E^F, = q^F.K,, 


i G I, with defining relations 
X,Y £{Kf,Lf -.iGl}, 

EiFj - FjEi = dij{Ki - Li). 

LiEj = EjLi, 


LiFj — qjiFj Li. 


Then Un is a Z^-graded Hopf algebra, where the comultiplication and the 


grading are given, for f G I, by 

A{Lp) = Lf<S,Lf\ 

deg{Ki) = deg(Li) = 0, 


A{Ei) = Ei^l + Ki^Ei, 
A{Fi) = Fi Li + I ^ Fi. 
deg{Ei) = ai = -deg(Fj). 


Let (respectively, ) be the subalgebra of Uq generated by Ei (re¬ 
spectively, Fi), i G I. Let W = (U*,q*). 0 Moreover, and are Hopf 
algebras in via the actions and coactions 

Ei • Ej = qijEj, 6(^Ei) = Ei Ei] 


^Here and in Section [5] below, corresponds to V* 
module over the dual Hopf algebra. 


when realized as Yetter-Drinfeld 
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Li • Fj — qjiFj, S(^Fi) — L^ ® F^. 

Thus, there are isomorphisms i/’"'' : T{V) —>■ U^, il}~ : T{W) —)■ U“ of Hopf 

algebras in given by = Ei and '4>~iyi) = Ei. 

Let 


this is the Drinfeld double of We denote by Ei, Ei, Ki, Li the 

elements of Uq that are images of their homonymous in Uq. Let (respec¬ 
tively, u^, u“) be the subalgebra of Uq generated by Ki, Li, (respectively, 
by Ei, by Ei), i € I. Then ~ kZ^®; 

• there is a triangular decomposition Uq — (g) iX) u“; 

• u+ ~ Bq, u- ~ Bqt. 


3.2. Lusztig isomorphisms and PBW bases. G. Lusztig defined auto¬ 
morphisms of the quantized enveloping algebra Uq{Q) of a simple Lie algebra 
0 , see |L2| . These automorphisms satisfy the relations of the braid group 
covering the Weyl group of g; they are instrumental in the construction of 
Poincare-Birkhoff-Witt (PBW) bases of ?7q(g). These results were extended 
to the Drinfeld double of a finite-dimensional Nichols algebra of diagonal 
type in |H3| . with the role of the Weyl group played here by the Weyl 
groupoid Wq. The definition of the Lusztig isomorphisms in |H3j requires 
some hypotheses on the matrix q, that are always satisfied in the finite¬ 
dimensional case. So, let iV, c) and q as above; recall that we assume that 
dimiJq < oo. Fix i S I. We first recall the definition of the isomorphisms 
Uq —>■ Up.(q) |H3] . For i / j € I and n € No, define the elements of Uq 

Ej^n = (ad Ei)^E„ Fj^n = (ad 

Let ^j, Fj, ^j, Lj be the generators of Up.(q). Set 

-4-1 

( 6 ) aj{q) := i-cL)[.. {qyqijqji - 1), j i. 

s=0 


Theorem 3.2. |H31 6.11] There are algebra isomorphisms Tj : Uq ^ iipi(ti) 
uniquely determined, for h, j € I, j 7 ^ i, by 




UEi) = F,L-\ T,{E,) = 

T^{Fi) = K-^E„ r.(F,) = 


—h~F- ’ 

j: 

1 

ajipiiq)) 


F q 
—J-cl 


□ 


Let w € Wq be an element of maximal length and fix a reduced expression 
w = a^^aiy ■ ■ ■ ai^. If A: G Im and h = (hi,..., hM) G N^, set 

(7) /3fc = 4 

( 8 ) 

(9) 


^ 0 k -Lii'- ■Ti^_^{Eijy G 

■pih _ TphM Tph-M-i jyhi 
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By [CHI Prop. 2.12], = {/3fc|l < k < M}. Thus, we set 

(10) A(a = iVfc = ordg/ 3 ^ G NU {oo}, if/3 =/3fc G A^. 

Theorem 3.3. |HY2[ 4.5, 4.8, 4.9] The following set is a basis of : 

{E*^ 1 h G N^, 0 < hk < Nk, k e Im}. □ 

3.3. Distinguished pre-Nichols algebra. We now recall the definition 
of the distinguished pre-Nichols algebra from |A3| . Let q, V be as above. 
First, 7 G I is a Cartan vertex of q if 

(11) QijQji = Qu > all j / i, 

recall ([3]) . Then the set of Cartan roots of q is 

G A]}. : z G I is a Cartan vertex of Pi^ ■ ■ ■ 

A set of defining relations of the Nichols algebra i. e. generators of 
the ideal was given in |A2l Theorem 3.1]. We now consider the ideal 
Tq C J7q of T{V) generated by all the relations in loc. cit., but 

• we exclude the power root vectors a G Dq, 

• we add the quantum Serre relations {adc Ej for those i ^ j 

such that qT = = q^^. 

Definition 3.4. [A31 3.1] The distinguished pre-Nichols algebra of V is 

B, = r(F)/Zq. 


Let Uq = Uq/('t/j~(Iqt)-j-'ip~^(Iq)); this is the Drinfeld double of ,Sq^kZ^. It 
was shown in |A3) that there is a triangular decomposition Uq ~ 
as above, with ~ ~ 

If j3k is as in ([7|), k G Im, then we set = \ ^ ^ 

loo if/3fcGDq, 


simplicity, we introduce 


(12) H = {h G : 0 < hk < N^, for all k G Im} 


Theorem 3.5. 

(a) |A3[ 3.4] There exist algebra isomorphisms Tj : Uq ^ ^Pi(q) '^'^ducing 
the isomorphisms Tj : Uq ^ ^pi(q)’ 

(b) [A3I 3.6] Let Ep^^, he the elements of Uq defined as in ([8]), ([9]) 

with Ti instead ofTi. Then {E^ j h G H} is a basis o/u^. □ 

As before, we have an isomorphism : Bq ^ of Hopf algebras in 
^eyE, so we dehne 

xpk = ^~^{Ei3^), A: G Im; x*" = -^“^(E*"), h G H. 
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Note that is a well-defined sequence of braided commutators in the 
elements Ei, i S I; then is the same sequence of braided commutators 
in the Xj’s. Also, = x 


hM ^M-l 

0M 0M-1 


■ and 


B = I h € H} 

is a basis of 0q. The Hilbert series of a graded vector space V = ©neNo^" 
is Tiv = diniH^T"- G Z[[T]]. It follows from Theorem 13.51 (Tbl) that 

-r-r 1 T-r 

(13) GKdimB, = |0,|. 11 ' 

0k^Oq 0k^Oq 


4. Lusztig algebras 

Let q = {qij) G M 0 (k^), (H, c) the corresponding braided vector space of 
diagonal type and (H*,q) the dual braided vector space. We still assume 
that Hq is finite-dimensional. As in |A+1 3.3.4], we define the Lusztig algebra 
£q of {V, c) as the graded dual of the distinguished pre-Nichols algebra Hq 
of {V*, q); thus, Bq E Cq. In this Section we establish some basic properties 
of this algebra. 

4.1. Presentation. In the rest of the section we consider the bilinear form 
(, ) : Hq X Hq —^ k carried from the identification ~ (H © H)* in 

Section [22] which satisfies for all x,x' G Hq, y,y' G B* 

(y,xx') = (y^^^x)(y(^\x') and {yy\x) = {y,x^‘^">){y' 

If h G H, then define yn G B* by (yh,xj) = dhj, j G H. Then yh G Cq and 
{yh I h G H} is a basis of Cq. 

Let {hk)k&M denote the canonical basis of If /c G Im and /3 = G 
A^, then we denote the element ynh^ by y^”'^ 

We recall some notation and results from |A3| and |AY| . For i G 1m, let 
B^ = {{x’^^i---x’^^l\0<hj<Nj})EBq, 

B^ = {{x^0:---x^0l\O<h,<Nj})EBq, 

B* = ({xJ----xJ;| 0 <h, <iV,})CHq. 

We also denote by L* and L* the analogous subspaces of Cq: 

L‘ = ({<■' ■ ■ ■ !/£‘’|0 <hj< TVj}) c £„ 

= <(»& ' ■ ■ ■ vf“'\0 <hj<Ni})C C,. 

Proposition 4.1. • |AYl 4.2, 4.11] (respectively W’) is a right (respec¬ 
tively left) coideal subalgebra of Bq. 

• |A3[ 4.1] If (3 € Dq, then x^^ q-commutes with every element of Bq. 
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□ 


□ 


4.9] If Pi G Dq, then there exist X(ni ,..., Ui-i) G such that 

nfcSNo 

Corollary 4.2. is a right coideal subalgebra of B^. 

Let be the subalgebra of Bq generated by , /3 G Dq. 

Theorem 4.3. |A3l 4.10, 4.13] is a braided normal Hopf subalgebra of 

Bq. Moreover = ^°'^Bq, where it denotes the canonical projection of Bq 
onto Bq. □ 

Lemma 4.4. Let x, xi and X 2 be elements in the PBW basis B of Bq. 
Write A(x) as a linear combination of {a (8> b\a,b G B}. Assume that xi 0 
X 2 has a non-zero coefficient in A(3:) (in this combination) and xiX 2 (the 
concatenation of xi and X 2 ) is in B. Then x = 3 : 1 X 2 . 

Proof. Suppose that x = x]^' • • • x]^] with hi > 0. Let 

m(x) = min{j G N : /ij 7 ^ 0}, 


3=1 t=i 

c' = {{4:, ■ 


Ai'" A ®+ 


"/3i 




G Bj 3j > i s.t. hj pz 0}). 

Observe that if xi 0 X 2 appears in T>{x), then x = xiX 2 . However, if 
xi®X 2 G Ylu&Bi then X 1 X 2 ^ B. Therefore the proof is completed 

by showing that 

A(x) gP(x)+ Y, 

We proceed by induction on i. If i = 1, then x = x^ and x^^ is primitive. 


so A(x^J = Y.o<k<h 




"A 

= T>(x^J. Let i > 1. Now we 


proceed by induction on hi. Set x' = x^* ^x^' ] •••x]g], so x = x,g.x'. 
Notice that 

(14) ^{xi3i) G X/ 3 . (g) 1 + 1 0 X/ 3 . + 0 C\ 

Indeed the analogous statement for Bq was proved in [AYl 4.3], but the same 
argument applies for Bq. By the inductive hypothesis and (fH)l 

A(x) = A(x^JA(x ) 

G {x^. (g 1 + 1 ® X^. + ® C*) (v{x') + ^ U 0 Qm{u)^ ^ 
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Notice that (x^. 0 1 + 1 0 xi 3 ^)'D{x') G V{x) + YlueB^ “ ® since 


hi-l 


0 1 + 1 ® ^ ^ 


X/ 3 . 0 X‘ 


1=1 
hi 

'+E 

1=2 

/ii-1 


x^, (g) x^' ^ * • • • X^l + 1 <g x') = 


'?/3i/3i 


/ij -1 

I X^^ W X^^ 




/li - 1 


t 


x %® x ^\ •••xjl + l®X/3,x' 

1=1 ^ ^ 9/3i/3i 

and for /ij > 1, 1 < t < /ij, we have a = (k) 

Also, C -B*, -B* is a subalgebra and C^z C C* for all z G Bq, by |A3[ 

3.15], so 

(B*-^ ® C^)V{x) C B*-^B* 0 C*B* C B* ® Ch 

As x,g.ti G B* for all u € and m{u) = m{xpM), then 

xp.u ® =xpM® and u 0 C u ® 

Finally, B*-itt(gC*C™(“) C B*(8)C* C E^esi x(g)C™(^) for all u G B*. From 
these considerations the proof of the inductive step follows directly. 

Corollary 4.5. ///3 G Al, then 


□ 


(15) vt^ = 

V' )c 


9/3/3 


,16) = h£_l!,{,y 


r < A/q = ord 


/3 G Dq, n = sNp + r, r < 




. If 


Proof. Arguing inductively, we may suppose that = (r — 

X = x*^ G Bq such that 

(2/^>3;) = (y^"\x(^))(y^,x(^)) / 0 , 
then by Lemma 14.41 x = x^. Then 

fe5,4) = br',(4)"’>to.(4)'"> = (’■- iCMw = {r)',„. 

The second equation follows immediately since — 1- D 

The next lemma is crucial for the presentation of the algebra £q by gen¬ 
erators and relations. 

Lemma 4.6. Let i G Im, hi < and h = (hi,..., /im) S then 

(17) yi. = yfp--yfp. 

Hence {yj/** ■' 0 < h; < N/^.} is a basis of jCq. 
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Proof. The proof is by induction on ht(h) := hi. If ht(h) = 1 then 

Yh = Up for some /3 € A^_ and the claim follows by definition. 

Let 1 < < • • • < < M, Uk < and ni = sNj^.^ + r ^ 0 where 

r < . Let y = Since {yh | h G H} is a basis of Tq, we 

can express y as the linear combination y = '^hYb- Notice that Ch 7 ^ 0 

if and only if (y, x^) / 0 . 

If r / 0, then we write y = -^yyi^y' where y' = ■■■ytr 

q = Then (y,x*") = ^(y^^, (3:‘")^^^)(y', By inductive hy¬ 
pothesis and Lemma im Ch 7 ^ 0 if and only if h = (0,..., ni,..., 0,...). 

Moreover, the nonzero Ch is equal to 1 and the proof in this case is completed. 

{i^Pi ) 

If r = 0, rei = sA/ 3 .^ , then we write y = y^, y'. Arguing as above, (fT7)l 

follows. Hence • • • 2/^^^I 0 < h* < N| 3 ^} is a basis of £q because so is 

{Yh : h G H} by definition. □ 


We seek for a presentation of £q. Let us consider the algebra L presented 
by generators /3 G n G N with relations 


(18) 

II 

jr= 


(19) 

y?w=('‘Z) 

\ J 3 qpp 


(20) 

[y^g\yaK= 


(21) 

[yr'’.A">l.= = '‘7A''’+ E 

A3 

y a 


0<l<Np,0<i<Na 


( 22 ) 

0<i<Na, 

m£W\{a,l3,Na-i,j) 


(3€AI-D,; 

/?G A^,. 
h,j G N’ 

a < /3 G A5J_, 
0 < h < Na, 
0<j< Ay; 

a,l3,j £ Dq, 

a < ^ < (3-, 


Q; G (Oq, 

0 < J < Ay. 


Here we set 

M(a, 13, h,j) = {vo = ■ ■ • yf^^^ G n L“ : deg m = degy^) + degy^^'^}; 

^7 = degy^,^’"^ = degy^^“) -h degyjf''^^ 


Theorem 4.7. There is an algebra isomorphism T : L —)■ £q given by 
T(yy'^) = yy'\ /3 G A% n < Ay. 
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Proof. We first prove that T is well-defined, i. e. that (fTHl) . are 

satisfied by the elements G /Iq. Relation (fT8]l is trivial since = 0 if 
/3 ^ Dq and (fT^ is clear from (fT5|) . 

For the other relations, given a < /3 and h,j G N, we write = 

EhGHChyh- Then 

Ch = = {y'J\ [^''P)(yf\(^^ f>) 

is the coefficient of Xa®x^ in the expression of A(x*^) as linear combination 
of elements of the PBW basis in both sides of the tensor product. 

If j < Na and h < Np, then ya\y^p^ ^ Bq- If Ch / 0 then appears in 
the expression of XaX^ in elements of the PBW basis, see m Section 3]. 
Hence, by |HY2l 4.8] x*^ G B“ n and relation ([20]) is clear. 

Let a, 13 G Dq, j = and h = Np. Suppose that there is h = 
(hi,..., Km) such that Ch / 0 and hi > W for some i G 1m- As x^^ q- 
commutes with every element of Hq, we have x*^ = cx^*x^', where h' = 
{hi,...,hi - Ni...,hM) and c = E{hMl3M + ••• + hj+i/3j+i,WA) G k. 
Then A(x*^) = cA(x^*)A(x^^) and hence x*^ = Xp’' by Proposition 14.11 
For the remaining j such that cj 7 ^ 0 we have ji < Ni for all i G 1m- 
We write ( 8 ) x^^ =^(18) ( 8 ) x^^ ® 1) where ^ = 

E~^{{Nci — m)a,nj3)E~^{ma,{Np—n)l3). Therefore, arguing as in the proof 
of (I 20 ]) for y^^'^ we obtain that yj = m G H L“. 

Here, either m = N^, n = Np so yj = E{Naa, Npf3)yi^°‘\^i^^\ or else 
m < Na n < Np. Hence relation (|2ip follows up to consider the correct 
degree for yh. 

For ([22]) . Ch / 0 implies x*^ G Bq by the same argument above, since 
is a braided Hopf subalgebra by Theorem 14.31 

Hence, T is a morphism of algebras. By the presentation of L we can 
prove that ■ .. yg ^^ : h* < W} is a basis of L. So, T maps a basis to 

a basis by Lemma 14.61 and then it is bijective. □ 

Example 4.8. Let 9 = 3<N,q£k.^, ordq = N. We consider a diagonal 
braiding (of super type A) given by a matrix q = {qij)ij^i 3 such that 

qil = 923932 = 9 , 912921 = 9 "\ 922 = 933 = “ 1 , 913931 = 1 - 

Let ajk = ^ Of, then A+ = {ojk : 1 < j < A: < 3}, D+ = {ai, a23, ai3}- 

i<i<k 

(n) 

The Lusztig algebra Cq is presented by generators yjj^', 1 < j < k < 3, 
n G N and relations: 

( 2 ) ( 2 ) ( 2 ) „ 

^12 = 2/2 = % = 0 , 
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(n) (m) 

yjkVjk 


[yi 2 ,yi]c 
[y2,yi3]c 
[y2,yi]c 
[ 2 / 23 ,2/1 ]c 

[yiT^yi]c 
[y 23, y[^^]c 
[y2,y[^\ 
[yi2,y[^\ 
[2/if \ 2/1 ]c 
[ 2 /if \ 2 / 12 ] c 

[yS\y[% 

[yS\y[% 


n + m 
n 


(n+m) 

yjk ’ 


<ljk 


n, m G N, 


[yi3,yi]c = [2/3,2/l]c = [2/l3,2/l2]c = [2/2,2/l2]c = [2/23,2/l2]c = 0, 
[2/23)2/13]c = [2/3)2/13]c = [2/23;2/2]c = [2/3)2/23]c = 0, 
(1-9"^)2/12, [2/3,2/l2]c = (1 - g)2/i3, 

(1 - q~^)yi3, [2/3,2/2]c = (1 - q)y23, 

(1 - ^■^)feig3l)^“^2/l32/if~^\ 

(1 - q~^){q2iq3i)^~^y[^~^\i3, 

(1 - q~^)q2i~^y[^~^\i2, 


[yi3,y[^^]c = [2/3,2/i^^]c = 0, 

[2/if\2/i2]c = [ 2 / 2 ,2/if ^]c = [ 2 / 23 ,2/if ^]c = [ 2 / 3 ,2/if ^]c = 0, 
[2/if\2/i3]c = [2/if\2/2]c = [2/3,2/if^]c = 0, 

[2/if \ 2/if ^]c = 0, 

(1 - g"^)^(g2i93i)^^2/if^ 


N-l 

+E(i - 

k=l 


Indeed, to compute 2/if^2/i^^ we need to describe all h G H, cf. m, 

such that Xi ( 8 > appears in A(x^) with non-zero coefficient (also to be 
determined), where (for some numeration of A+) 


X 


h 


_ ^hi h2 hi hi hi 

— ■^3 ■^23-^2 "''123-^12 


X 


hi 

1 • 


One of these x*^ is x^^x^, with coefficient c{Nai,Na 2 +Na 3 - Let h be as needed. 
We use the coproduct formulas in |A3l 5.1]. Clearly hi = 0. Prom ^{x^l,), 
the only contribution is { 1 ^x 23 )^'^ ■ Then we deduce easily that = 0, 

and Hq = h 2 = N — hi- In this case, set /14 = fc to simplify the notation, so 

(1 c> X23)^~^{xi ® X23f{xi ® 1)^"^ = {q2iq3i)^^'' ^ Xi 0 


This gives the last relation, and the others are deduced analogously. 


Corollary 4.9. The algebra £q is finitely generated. 

Proof. By ([T9]), it is generated by {yjs : fi G A^} U {2/if“^ : a G Dq}. □ 

Remark 4.10. Actually, the subalgebra C Tq is generated by its primitive 
elements {ya : a G Ilq} where Ilq denotes the set of simple roots ai,... ,ao. 

Moreover, G if and only if 0 xf'^ appears with 
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nonzero coefficient in Hence, 

{y„ : a e nj U : a G Dq, G V{B^)} 

generates Cq as an algebra. 

Proposition 4.11. L* is a right coideal subalgebra of Cq. 

Proof. From Theorem 14.71 we have that G L* for i < j, thus L® 

is a subalgebra of Cq. On the other hand, we know that {y^^\xx') = 
x'). Therefore yj®yh appears with nonzero coefficient 
in A(y^”'^) if and only if x^ appears with nonzero coefficient in the expression 
of x*^xj in the PBW basis. The last condition implies that x*^ G and 
xj G B^. Hence, 

n 

i=0 

Hence = A(y^"'G L® ® £q and the 

proof is complete. □ 

4.2. Noetherianity and Gelfand-Kirillov dimension. We argue as in 
the pre-Nichols case |A3l Section 3.4], cf. m- Let us consider the lexico¬ 
graphic order in N^, so that h.M < • • • < hi, where denotes the 

canonical basis of 

Lemma 4.12. Let Tq(h) be the subspace of Cq generated by yj, with] < h. 
Then Tq(h) is an N^-aZye6ra filtration of Cq. 

Proof. It is enough to prove that ynTj G ^q(h -|-j) for all h, j G H. First we 
consider the case when h = nh^, j = mh;, k,l G Im, n,m G N. We claim 
that £ Bq{nhk + mhi). This follows by definition when k < 1. If 

I < k, then e T,j<myyi by TheoremSZl thus 

M 

yf^y^^'' ^ -Cq(nhfc mh;) since ^ ajhj < nh^ -h mh;. 

j=i+i 

The Lemma follows by reordering the factors of ynTj j for any h, j G N^. □ 

We now consider the corresponding graded algebra 

grTq = ©hgi^M gr*^£q, where gr*^ Tq = Tq(h)/^ £q(j). 

j<h 

Lemma 4.13. The algebra gr£q is presented by generators k G Im, 
n G N, and relations 
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An) (m) _ ['IT'+ (n+m) 

Jk \ m ) ’ 

[yl"\y!”'^]c = 0, l<k. 

Proof. Let Q be the algebra presented by the generators and relations above 
and TT : Q ^ gr Cq given by i-A . By Theorem 14.71 the relations 
above hold in grTq. By a direct computation, Q has a basis 

On the other hand, yh S Tq(h) — Hence the projection of the 

PBW basis of £q is a basis of gr Cq and tt is an isomorphism. □ 

Proposition 4.14. The algebra Cq is Noetherian. 

Proof. Let be the subalgebra of gr£q generated by : (3 € Oq}. 

Then Z'^ is a quantum affine space and grTq is a finitely generated free 
■'■-module. Hence gr£q is Noetherian and so is Tq. □ 

We compute either from Lemma f4.6l or else from Lemma f4.13l the Gelfand- 
Kirillov dimension of Cq. 

Proposition 4.15. GKdimTq = |Oq|. □ 


5. Quantum divided power algebras 

5.1. Definition. Let q, (H, c) be as above with dimBq < cx). Let W = V*, 
with matrix q*, see footnote 2 , and let { 2 ^”^ : /3 € A5|_,n G N} be the 
generators of Cqt. Here we consider W G equivalence of 

categories between Then we have a natural evaluation 

map such that {w Z w', v Z v') = {w iZ v'){w' (81 u). In this section we define 
the quantum divided power algebra Uq of (H, c) and we establish some of its 
basic properties. 

Let T and A be two copies of TP, generated by (iLQjgi and (LQjgi re¬ 
spectively; so that and are the generators of kT and 

kA, respectively. Set ... Kg^ and La = ... Lg® for a = 

(ui,..., ae) G Z®. Then Cq G kpTT’, Cqt G kA^T^ with structure determined 
by the formulae 

A' -vf ='ttfyf\ Pivf) = KfSyf; 

Therefore, we can consider the bosonizations CqffkT and CqtffkA. 

We define next the quantum double of CqffkT and CqtffkA following [Jj 
3.2.2]. For this we need a Hopf pairing between them. 
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Lemma 5.1. There is a unique bilinear form (|) : T‘^{V) x —>■ k 

sueh that ( 1 | 1 ) = 1 , 

{yi\zj) = 5ij, 

{y\zz') = (yW|z)(y(2)|/), y g T%V), z,z' £ T%W)- 

{yy'\z) = y^y, ^ ^ ^ 

{y\z) = t), \y\^\z\,yeT^{V),z^T^{W). 

Proof Let s(cj) : {T^)^{W) T'^iW), where s : ^ is 

the Matsumoto section, see [AGl §3.2], Let (, ) : T^{V) ®r(lL)°P —^ k be 
the evaluation map. We define (1|1) = 1, 

{y\z) = {y, T^{z)), y € (T'=)-(G), z € (T'=)"(W) 

{y\z) = 0, y€ (TTiV), z G {T^r{W),n + m. 

Note that T*+-^ = Tjj(T* ® T-^) with Tjj = X]s((7~^) where the sum 
is over all (i, j)-shuffles a. Then, for y G (T^)”(F), z G (T^)”“*(1T), z' G 
{T-YiW), 

{y\zz') = {y,T^{z'z)) = (y, G T-*)(^G)) 

= {y,Ti^n-i{TYz')0T^-Yz))) = (y«,T-*(z))(y(2),T*(/)) 

= {y^^'’\z){y^^'’\z') 

The other conditions are clear. □ 

This bilinear form restricts to Tq x (£qt)“P and then it can be extended 
to a bilinear form between their bosonizations. Then we may define a skew- 
Hopf pairing between Tq^kP and C^tf^kA, or equivalently: 

Corollary 5.2. There is a unique Hopf pairing 

(|):Tq#krx(£q*#kArP^k 

sueh that for all Y, Y' G Tq#kr, Z, Z' G (Tqt#kA)“P, y^^ G £q, G kZ^ 
G £qt and Lg G kZ® 

{Y\zz') = (y(i)|z)(y(2)|z'), {Yr\z) = (y|Z(i))(y'|Z(2)), 

= W/3, (yi^^lLy) = 0, (iPak^) = 0, (Ko^lLg) = q^g. 

Moreover, this pairing satisfies the equation {yK\zL) = (y| 2 :)(lP|L). □ 

Let Uq be the Drinfeld double of Tq^kT and (£qt 7 ^kA)“P with respect 
to the Hopf pairing in Corollary 15.21 In other words: 

Definition 5.3. Let Uq be the unique Hopf algebra such that 

(1) Uq = (£q#kr) (g) (Tqt^kA) as vector spaces, 

(2) the maps y i—)■ y C 1 and Z 1 Z are Hopf algebra morphisms, 
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(3) the product is given by 

(F 0 z)(v' 0 z') = ® %)^'(>^(3)l^(3)) 

for all Y,Y’ G £(,#kr and Z,Z' G (£qt#kA)“P. 

By the construction of U^, there is a triangular decomposition, via the 
multiplication, ZYq ~ 0U^ 0 U~ where 

ZYq+~/:q, W°~k(Z'^ xZ®). 

We give a presentation of the algebra lA^ by generators and relations. The 
tensor product signs in elements of will be omitted. 

Proposition 5.4. The algebra lAq is generated by the elements 

for (3 G A^, n G N; and relations (fTSll . ..., (1221) between the 


Vg s. 

(n) 

similar relations for the z^ ’s plus the relations 

(23) 

= L-p^Lg = 1, 

^±ir±i _ r±iiG±i 

(24) 


^aUp — Qpadp 

(25) 


T T 

(26) 

z2/ = (2/W|5(z(3)))(i^2i73|A3i) 

,(y(3)|^(l))y(2)^3^(2)^^^ 

for all 

a,/3 € A^, n, m G N. Here in (OHD y = G Tq, 2 : = z^ 


and denote Ki = and Li = for the coactions o/ kT and 

kA respectively. □ 

Note that if y = yat, z = Zaj with ai,aj G Ilq, then y, z are primitives 
and relation (|26|) is zy — yz = 5ij{Ki — Li). 

5.2. Basic properties. Proceeding as in [DPI IA3| . we will prove that the 
algebra is Noetherian. For each h, j G H, AT G P, L G A, set 

di(yhArLzj) = '^{hi + ji) ht(/3i), 

i&M 

d(yhKLzj) = (di(yhiFLzj), hi,... ,hM, ji,... ,jm) G 

Consider the lexicographic order in If u G then we set 

hfq(u) = span of {yhA'Lzj : h, j G H, AT G P, L G A, d(yhArAzj) < u}. 

Lemma 5.5. (h/q(u))^gj^ 2 M+i is an algebra filtration ofU^^. 

Proof. It is enough to prove that (yhA'Azj)(yh'A''A'zj/) G h/q(u + u') for 
all h,j,h',j' G H, AT, AT' G P and L,L' G A where d{y\iKLzj) = u and 
^(yh'Ar'A'zj/) = u'. 

First we claim that 

(27) < mht(a) + nht(/3). 
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Indeed, since the coproduct in (resp. C^t) is graded, we have that 
< mht(a) if / 1 (resp. di{{z'p^< nht(/3) if 

7 ^ 1). Hence, for ET G F and L £ A we have 

di((yf))(2)iFL(4”V'^) < mht(a) + nht(/3) 

and by Proposition 15.41 the claim follows. 

Since K, L q-commutes with all elements of Cq and Cqt for all iF G P 
and L G A. We proceed as in Lemma 14.121 and we reduce the proof to the 
product between 4 ”^ and • It follows directly by (I27t) that 

^^q{mht{/3j) + nh.t{Pi),6j,di). □ 

We consider the associated graded algebra grWq = ©^gj^ 2 M+iL/q'" where 
=Wq(v)/X^^<^Wq(u). 

Corollary 5.6. The algebra grUq is presented by generators y^, , 

j G 1m, u G N and relations 


RS = SR, 

= 1 

y^W) ^ Pk^Oq, 

d"i) _ /^^ + An+^) 

Jk \ m I ’ 

[y7\y44 = 0 > 

Ko^yf^ = Qayyf^Ka, 

Layf^ = Tg^yt^dja, 


R,S £{Kf\Lf -.j £Im} 

{n) (m) _ (m) (n) 


Vk 

,(W) 


z, = z 


Yk 


— 0 , /3fc ^ l^q; 


in) (m) _ 
^k ^k — 


n + m 
m 


(n+m) 
^k ’ 




r (n) (m) 


]c = 0, I < k, 

zr -("■) _ „-n (n) ^ 

T A^) — „n in) j 


Proof. The proof of this statement is similar to the proof of Lemma 14.131 if 
we check that y 4 ^ 4 ™^^ ~ ^ ^ ^qL this 

follows by (f?7l) . □ 


Proposition 5.7. The algebraUq is Noetherian and GKdim^^q = 2|Dq|+20. 

Proof. Let Z be the subalgebra of gr^^q generated by {Ki,Li : i G 1} and 
: jd G Cq}. Then Z is the localization of a quantum affine 
space and gr^^q is a free .E-module of rank niGnM”^*' Therefore grZFq is 
Noetherian and so is lAq. Moreover, by [KLt Prop. 6 . 6 ], 

GKdimZFq = GKdimgrZFq = GKdimZ = 2|Dq| -h 29. □ 
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